We introduce the notions of (n, t)-presented modules and (n, t)-coherent rings. Proposition 1.1 of Zhanmin Zhu (2011) and some results obtained by Chen and Ding (1996) , are generalized to the setting of an hereditary torsion theory.
I. INTRODUCTION
Our ring R will be associative with identity and modules unitary right R-modules unless otherwise stated.
An R-module M is saidto be finitely presented (f.p.) if there exists an exact sequence with each finitely generated and free. These modules have been extensively studied and various generalizations of these modules obtained. We will focus on two:
An R-module is said to be n-presented for some positive integer n if there exists an exact sequence → → with each finitely generated and free, see [7] and [16] .
Let (T, F) be an hereditary torsion theory with associated radical t. An R-module M is said to be t-finitely generated (t-f.g.) if there exists a finitely generated sub module N of M such that . An R-module M is tfinitely presented (t-f.p.) if there exists an exact sequence with F finitely generated and free and K t-finitely generated, see [12] .
In section II, we define (n,t)-presented modules. An R-module is said to be (n,t)-presented if there exists an exact sequence of R-modules → → with each t-f.g. and free for some positive integer n and torsion radical t associated with some hereditary torsion theory. We use this definition to generalize proposition 1.1 of [16] . The main results of this section is Theorem 3, where we show that for an exact sequence of R-modules , imposing conditions on any two of the modules in the exact sequence, we can obtain corresponding results on the third.
In section III, (n, t)-flat modules and (n, t)-FPinjective modules are introduced. A module M is said to be (n, t)-flat if ( ) for every left (n, t)-presented module A. A module M is said to be (n, t)-FPinjective if ( ) for every (n, t)-presented Rmodule A. These definitions are used to generalize some results obtained by J. Chen and N. Ding in [7] .
(n, t)-coherent rings and some characterizations of these rings are studied in section IV. Also, we define the (n, t)-FP-injective dimensions of a module which in some sense "measures" how far a module is from being (n, t)-FPinjective.
II. (N, T)-PRESENTED MODULES
Definition 1: Let (T, F) be a hereditary torsion theory with corresponding torsion radical t. A right R-module M is said to be (n, t)-presented if there exists an exact sequence of right R-modules → → → with each t-finitely generated and free.
Remark 1:
(i) If M is n-presented then it is (n, t)-presented since any f.g. module is t-f.g.
(ii) If M is t-presented then it is (1, t) presented.
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Theorem 1: Let (T, F) be a hereditary torsion theory with corresponding torsion radical t. Assume that every t-f.g. Rmodule is a homomorphic image of a t-f.g. free R-module. Then the following are equivalent for a right R-module M:
There exists an exact sequence of right Rmodules → with each t-f.g. and free and t-f.g. 3. There exists an exact sequence of R-modules → → with each t-f.g. and projective and t-f.g. 4. There exists an exact sequence of R-modules → → → with each t-f.g. and projective .
Proof 1:
Suppose M is (n, t)-presented. Theorem 2: Let (T, F) be a hereditary torsion theory with corresponding torsion radical t. Assume that every t-f.g. Rmodule is a homomorphic image of a t-f.g. free R-module. Then the following are equivalent for a right R-module M:
such that F is t-f.g. and free and K is (n-1, t)-presented. 3. M is t-f.g. and if the sequence of right R-modules is exact with F t-f.g. and free, then L is (n-1, t)-presented.
Proof 2:
: Suppose M is (n,t)-presented. Conversely, suppose (3) holds. Then M is t-f.g.
By hypothesis, there exists an exact sequence with F t-f.g. and free. Let . Then the sequence is exact with F t-f.g. and free. By (3) K is (n-1, t)-presented and hence (2) holds.
Theorem 3: Let (T, F) be an hereditary torsion theory with corresponding radical t. Let and be an exact sequence of modules. Then 1. If both A and C are (n, t)-presented, then B is also (n, t)-presented. 2. If A is (n-1, t)-presented and B is (n, t)-presented, then C is (n, t)-presented. 3. If every t-f.g. module is a homomorphic image of a tf.g. free module, B is (n, t)-presented and C is (n+1, t)-presented, then A is (n, t)-presented. 4. If and every t-f.g. module is a homomorphic image of a t-f.g. free module, then B is (n, t)-presented if and only if A and C are (n, t)-presented.
Proof 3:
1. Suppose A and C are (n, t)-presented. Using the Horse Shoe Lemma for projectives, we obtain the commutative diagram → where for each i. Also, is free as a direct sum of two free modules. Moreover for each exact sequence , is t-finitely generated since and are t-finitely generated by Lemma 2. Hence B is (n, t)-presented.
2. Suppose A is (n-1, t)-presented and B is (n, t)-presented. We show that C is (n, t)-presented. B (n, t)-presented implies there exists an exact sequence with each projective and t-f.g. From this sequence we obtain the exact sequence , where K = Ker ( ). Moreover, K is (n-1, t)-presented from the exact sequence . We can then construct the following pull-back diagram.
ISSN: 2231-5373 http://www.ijmttjournal.org Page 12 A and K are (n-1, t)-presented and hence D is (n-1, t)-presented by part (1). Thus we have the exact sequence with each projective and t-f.g. Combining this sequence with the exact sequence we obtain the exact sequence with and each projective and t-f.g. Thus C is (n, t)-presented.
3. Suppose B is (n, t)-presented and C is (n+1, t)-presented. We show that A is (n, t)-presented. C (n+1, t)-presented implies there exists an exact sequence where each is projective and t-f.g.. We obtain the exact sequence where K = Ker ( ). More over, K is (n, t)-presented because of the exact sequence . We thus have the following pullback commutative diagram By part (1), B and K (n, t)-presented implies D is (n, t)-presented. Hence we have the exact sequence where each is projective and t-f.g. From this sequence we obtain the exact sequence where L = Ker ( ) and L is (n-1, t)-presented from exact sequence . From diagram, the sequence is split exact since is projective. Thus and the sequence is exact. We can then form the commutative pull-back diagram L and are (n-1, t)-presented ( is t-f.g. and hence (n-1, t)-presented by hypothesis) and hence from part (1), E is (n-1, t)-presented. This gives rise to the exact sequence with each projective and t-f.g. Combining this exact sequence and the sequence we obtain the exact sequence with and each projective and t-f.g. Thus A is (n, t)-presented.
If A and C are (n, t)-presented, then B is (n, t)-presented by part (1).
Conversely, suppose B is (n, t)-presented. Then we have the exact Sequence with each t-f.g. and free. By Lemma 1, B is t-f.g. as a homomorphic image of a t-f.g. module. Since , A and C are t-f.g. as a direct summand of a t-f.g. module by Lemma 1 and thus (n, t)-presented by hypothesis.
III. (N, T)-FLAT MODULES AND (N, T)-FP-INJECTIVE MODULES
The following definitions will be used in generalizing some of the results obtained by Chen and Ding in [7] .
Definition 2: Let (T, F) be an hereditary torsion theory with radical t, n a positive integer and M a right R-module.
1. M is said to be (n, t)-flat if ( ) for all (n, t)-presented left R-modules N. 2. M is said to be (n, t)-FP-injective if ( ) for all (n, t)-presented right R-modules N.
i M i is (n, t)-flat if and only if each M i is (n, t)-flat. 2. i M i is (n, t)-FP-injective if and only if each M i is (n, t)-FP-injective.
Proof 4: (1) follows from the isomorphism
In what follows, for any module M, M om (M ), the character module of M.
Proposition 2: Let M be a right R-module and n a positive integer. Then M is (n, t)-flat if and only if M is (n, t)-injective.
Proof

5:
Follows from the isomorphism t n (N M ) or n (N M) .
Proposition 3:
Every pure submodule of an (n, t)-flat module is (n, t)-flat.
Proof 6: Let M be an (n, t)-flat module and M a pure submodule of M. We have the exact sequence M M M M . This sequence induces the split exact sequence
is (n,t)-injective by proposition 1 and hence M is (n, t)-flat by proposition 2.
Lemma 3: An R-module M is (n,t)-FP-injective if and only if for every (n, t)-presentation n n of an R-module A, every f K n M can be extended to g n M , where K n ker ( n n ).
Proof 7: M is (n, t)-FP-presented if and only if
. From the exact sequence K n n K n we obtain the exact sequence
and the result follows.
Proposition 4:
Every pure submodule of an (n, t)-FPinjective module is an (n, t)-FP-injective module.
Proof 8: Let M be a pure submodule of an (n, t)-FPinjective module M. Let n n be an (n, t)-presentation of a module A and f K n M be a map. We obtain the following diagram with exact rows.
where i and j are the inclusion maps, k exists by Lemma 3, since M is (n, t)-FP-injective by hypothesis and k i j f. Hence q k i q j f i.e. m(k i) Ker q and we have the homomorphism extending f. By Lemma 3, M is (n, t)-FP-injective.
IV. (N, T)-COHERENT RINGS
Definition 3: A ring R is said to be (n, t)-coherent if every (n, t)-presented module is (n+1, t)-presented.
Remark 2: Every n-coherent ring is (n, t)-coherent since every n-presented module is (n, t)-presented but there exist (n, t)-presented modules that are not n-presented, see Jones, [12] . Thus an (n, t)-coherent ring need not be n-coherent.
Theorem 4: Let (T, F) be an hereditary torsion theory with corresponding torsion radical t. Assume that every t-f.g. Rmodule is a homomorphic image of a t-f.g. free R-module. Then the following are equivalent for a ring R:
1. R is right (n, t)-coherent. Let R and S be rings and (T, F) an hereditary torsion theory for right R-modules. Suppose Q is a left S-injective module and X is a left S right R bi-module that is torsionfree as a right R-module. Denote om S ( ) by ( ) . If P is right R-module that is a t-f.g. (respectively, t-f.p.), then the canonical map om ( )
f is an epimorphism (respectively, isomorphism).
Theorem 5: Let R and S be rings, n a fixed positive integer and ( ) a hereditary torsion theory for right R-modules.. Let A be left S module which is (n, t)-presented, B a left S right R bimodule that is torsion free as a right R-module, C a right R module which is injective. Then there is an epimorphism (
. Theorem 6: Let R be an (n, t)-coherent ring and M a right R-module. Suppose every t-finitely generated module is a homomorphic image of a free t-finitely generated module and n k r . Then (n, t)-FP-id(M) = k if and only if t n r (N M) for all r k and for all (n, t)-presented modules N but t n r (N M) for some (n,t)-presented module N and for r< k.
Proof 12: Suppose (n, t)-FP-id(M) = k. We use induction on r. If r = k, then by hypothesis t n k (N M) for all (n, t)-presented modules N and we are done. Assume theorem is true for r = s. N (n, t)-presented implies there exists an exact sequence , where K is (n-1, t)-presented and P is t-finitely generated free by Theorem 2. Since R is (n, t)-coherent, K is (n, t)-presented. Thus we have t n s (K M) t n s (N M) t n s ( M) .
